In this paper we characterize the pairs A 0 , A 1 of disjoint subsets of R which can be separated by a Darboux quasi-continuous function. © 2008 Elsevier B.V. All rights reserved.
set G ⊂ V such that |f (t) − f (x)| < ε for each t ∈ G. If f is quasi-continuous at each point x ∈ R, then we say that f is quasi-continuous. We say that f is a strongŚwiatkowski function [4] , if for all a < b and each y ∈ I(f (a), f (b)) there is a t ∈ (a, b) ∩ C f such that f (t) = y, where C f stands for the set of all continuity points of f . It is easy to see that strongŚwiatkowski functions are both Darboux and quasi-continuous.
The proof of the following lemma is immediate.
Lemma 1. Let U be a nonempty open subset of R.
There is a continuous function ϕ : U → (0, 1) such that for all x ∈ bd U and t = x, if I(x, t) ∩ U = ∅, then ϕ I(x, t) ∩ U = (0, 1).
First we consider the classical separation property. 
Proof. (i) ⇒ (ii). This implication is evident.
(ii) ⇒ (iii). Let f : R → R be a Darboux quasi-continuous function which satisfies (1) . Since the inverse images of open sets by quasi-continuous functions are semi-open [7] , the sets A 0 and A 1 are semi-closed. By [6, Corollary 3.2] , the set R \ (A 0 ∪ A 1 ) is bilaterally dense in itself.
Let α ∈ A 0 and β ∈ A 1 . Since f is Darboux, there is a t ∈ I(α, β)
Clearly condition (1) is fulfilled. We will show that f is strongŚwiatkowski.
Fix a < b and 
(ii) there is a Darboux quasi-continuous function f : R → R such that condition (4) holds; (iii) the sets A 0 and A 1 satisfy (2).
Proof. (i) ⇒ (ii)
. This implication is evident.
(ii) ⇒ (iii). Let f : R → R be a Darboux quasi-continuous function which satisfies (4) . Let α ∈ A 0 and β ∈ A 1 . Then by Theorem 2,
We will prove that B 0 and B 1 fulfill the assumptions listed in Theorem 2(iii).
Observe
So, cl B 0 = cl A 0 and the set B 0 is semi-closed. Similarly we can prove that cl B 1 = cl A 1 and the set B 1 is semi-closed. Now we will show that
Let α ∈ B 0 and β ∈ B 1 . Assume that, e.g.,
(The other cases are similar.) Take any
Assume that the first case holds. (The other case is analogous.) Then by definition, x, t ∈ B 0 . It follows that the set R \ (B 0 ∪ B 1 ) is bilaterally dense in itself.
By Theorem 2, there is a strongŚwiatkowski function f : R → R such that
Now we turn to another separation property.
Theorem 4.
Let A + and A − be disjoint subsets of R. The following conditions are equivalent:
(ii) the sets A − and A + are semi-open and bilaterally dense in themselves, and
Proof. (i) ⇒ (ii). Let f : R → R be a Darboux quasi-continuous function which satisfies (6) . Since the inverse images of open sets by quasi-continuous functions are semi-open [7] , the sets A − and A + are semi-open. Since f is Darboux, the sets A − and A + are bilaterally dense in themselves.
(ii) ⇒ (i). Let ϕ − : int A − → R and ϕ + : int A + → R be functions constructed according to Lemma 1. Define the function f : R → R by the formula:
Clearly the condition (6) is fulfilled. First we will prove that
Indeed, assume that
The proof of (9) is analogous. First we verify that f is Darboux. Let a < b and (8) and (9) we conclude that if y = 0, then there is a t ∈ (a, b) such that f (t) = y. If y = 0, then a ∈ A − and b ∈ A + , or a ∈ A + and b ∈ A − . By (7), there is a t ∈ (a, b)
Now we will show that f is quasi-continuous. Fix an x ∈ R. If x ∈ U , then f is continuous at x. So, assume that x / ∈ U . Let V be an open neighborhood of x and ε > 0. We may assume that V is an interval. If f (x) < 0, then by (8), the set
is nonempty and open, G ⊂ V , and |f (t) − f (x)| < ε for each t ∈ G, whence f is quasi-continuous at x. Similarly we proceed if f (x) > 0.
Hence by (8) or (9), the set
is nonempty and open, G ⊂ V , and |f (t) − f (x)| < ε for each t ∈ G, whence f is quasi-continuous at x. 2
Theorem 5. Let A − and A + be disjoint subsets of R. The following conditions are equivalent: (i) there is a Darboux quasi-continuous function f : R → R such that
(ii) the sets A − and A + satisfy conditions:
Proof. (i) ⇒ (ii). Let f : R → R be a Darboux quasi-continuous function which satisfies (10). Let α ∈ A − and β ∈ A + . Since f is Darboux, there is an x ∈ I(α, β) such that f (x) = 0. Then clearly x / ∈ A − ∪ A + . Since f is Darboux, there is a β ∈ I(α, β) such that f (β ) > 0. Since f is quasi-continuous at β , there is a nonempty open set G ⊂ I(α, β) such that f (t) > 0 for each t ∈ G. It follows that
Analogously we can show that int(I(α, β) \ A + ) = ∅.
(ii) ⇒ (i). Let {I − n ; n < N − }, where N − ∈ N ∪ {∞}, be the family of all connected components I of int cl
Similarly, let {I + n ; n < N + }, where N + ∈ N ∪ {∞}, be the family of all connected components I of int cl A + such that I ⊂ A + . For each n < N + choose an isolated set
Let {(a n , b n ); n < N}, where N ∈ N ∪ {∞}, be the family of all connected components of R \ cl(A + ∪ A − ). For each n < N, let a n < c n < d n < b n , and define the open sets L − n and L + n as follows:
Observe that by (12), A − ∩ B + = ∅ = B − ∩ A + and int cl A − ∩ int cl A + = ∅. We conclude that B − ∩ B + = ∅.
We will prove that B − and B + fulfill the assumptions listed in Theorem 4(ii). First we will show that these sets are semi-open and bilaterally dense in themselves. Let x ∈ B − . If x ∈ int cl A − or x ∈ L n for some n < N, then (x , x) ⊂ B − for some x < x. So, assume that x ∈ A − .
Let t < x. If a n ∈ (t, x) for some n < N, then either a n ∈ A − or x b n . So by definition,
n for some n < N − , and
We have proved that int((t, x) ∩ B + ) = ∅ for each t < x. Similarly we can show that int((x, t) ∩ B − ) = ∅ for each t > x, and that if x ∈ B + , then int(I(x, t) ∩ B + ) = ∅ for each t = x. Now let α ∈ B − and β ∈ B + . We will prove that I(α, β)
n for some n < N − . By (13), we obtain
n for some n < N + , and by (13), we obtain
n for some n < N. Observe that:
• if α ∈ (a n , c n ), then by definition, a n ∈ A − ; it follows that α < β and since β ∈ B + , we conclude that c n ∈ I(α, β) \ (B − ∪ B + ),
notice that by definition, b n / ∈ A + , and by our assumption, b n / ∈ A − ).
By Theorem 4, there is a Darboux quasi-continuous function f : R → R such that
The following example is patterned on [5, Proposition III.4.1].
Example 6. There exists a Darboux quasi-continuous function g : R → R such that f : R → R is not a stronǵ Swiatkowski function whenever
Proof. Let F be the Cantor ternary set, and let I 1 and I 2 be disjoint families of bounded components of the complement of F such that 
Problem 7.
Characterize the pairs A − , A + of disjoint subsets of R for which there exists a strongŚwiatkowski function which satisfies (6) .
